with some multiplicity t, say, must also occur on the right-hand side with multiplicity i. Set X = ¿Z9X¡, X''= T,@Xir, and so on. The preceding shows that M©Ä"©z"©ysN©z©y©y".
Let If be a module isomorphic to both of the above. o-»x'©y->M©jf-»M©N©x"©y"->o.
Analogously, there exists another such exact sequence with M and N interchanged. This completes the proof of the lemma. 4. We next introduce Bass' version of the Whitehead group KxiÄ) (see [1] ). Let A be a ring, and consider the category whose objects are pairs (M, p) consisting of an 4-module M and an automorphism p of M. By a map qb : (JVf, p) -» (N, v) of one such object into another, we mean an element qb e HomAiM,N) such that qbp = vqb. Consider a sequence
of objects and maps in this category. Then the sequence is exact in this category ifandonlyif0->L-£ M^* JV-> Ois exact in the usual sense.
(For the orientation of the reader, we remark that if one regards c6 as an embedding of L in M, and ip as the canonical projection of M onto M/L, then the exactness of (3) simply means that p is an automorphism of M which maps L onto itself, thereby inducing an automorphism X of L and an automorphism v of the factor module M/L.) Let á? be the free abelian group with generators (A/,p), where M ranges over all ¿-modules, and p ranges over all automorphisms of M. Define H8Q as the subgroup of á? generated by the elements
gotten from all exact sequences given by (3), together with all elements of the form
If lM is the identity automorphism of M, then trivially 5. Let F be a field, and let F* be the multiplicative group of nonzero elements of F. For an F-module V, an automorphism c/> of V is just a nonsingular linear transformation on V. Let det </> denote the determinant of this transformation. We have K\F)^F*, where K\F) is written additively, F* multiplicatively. The isomorphism is given by [F",<&] -*detcb. Now suppose that A is a full matrix algebra over F, and let X be a fixed irreducible ¿-module. Each ¿-module is isomorphic to XM for some «, where Xw denotes the direct sum of n copies of X. Furthermore, Hom^(X,X) = F. Hence if M = X(n), and if p is an automorphism of M, then p may be represented by a nonsingular n x n matrix Tip.) with entries in F. The categories of ¿-modules and F-modules are isomorphic, and we have also K\A)^F*, the isomorphism being given by [M, p] -> det T(p).
2. Algebras over naethcrian domains. 1. Let R be a noetherian commutaiive integral domain, with quotient field F. If M is a torsion free R-module, we may form the F-module F<S)RM, denoted by FM for brevity. Let A be an .R-algebra which is finitely generated and torsion free as R-module, and set ¿* = FA, an F-algebra.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 3. Group rings. 1. In this section we choose R as a Dedekind domain of characteristic 0, with quotient field F. (For example, R might be the ring of all algebraic integers in an algebraic number field F.) Let G be a finite group, and set A = RG, its group ring. Assume throughout this section that F is a splitting field for G, so that A*( = FG) is a direct sum of full matrix algebras over F. We may choose A-modules Zi,...,Z"eCy (the category of B-torsion-free A-modules)
such that if we set Zf = FZh then {Z*, ■•■,Z*} is a full set of irreducible A*-modules. 2. Let P be a (nonzero) prime ideal of R, and set K=R/P, Â = A/PA. Then 3. Now let P range over the prime ideals of R, and as in §2, let X,°(¿) be the Grothendieck group of the category of R-torsion ¿-modules. Since each such module is a direct sum of its P-primary components, we have *?««»!*•(£).
Hence, using the results of the preceding paragraph, every element of K°iA) is expressible as a sum n £ {J¡Z¡//Z¡], J¡ = fractional P-ideal in K. > = t 4 . We set ß -multiplicative group of fractional P-ideals in K, and let ßn = ß x ■■■ xß in factors). Then there is a homomorphism t :#n-> K°iA)
given by <Ju-Jn) = DW/zj + -+ [JÄ//Z.], and we have just shown that risa surjection.
Using the notation of the exact sequence (9), let us set a = r\x. Then ff(Jls.
••,/")= t{\Jfàr-\ïùf}> i = l and the kernel of 9 equals the image of n, which in turn equals the image of o\ Now K°(¿*) is a free Z-module, so by the exactness of (9), we have (11) K%A) S X°(¿*) © image of a, the above being an isomorphism of additive groups. Furthermore, image of cr £ f/ker a.
Thus, to compute the additive structure of K°(A), it suffices to determine ker a. We shall compute this kernel explicitly. 5. If R is a principal ideal ring, then each J¡ eß is of the form Ra¡ for some a¡ e F, and thus
since ajZjSZ,-. In this case we see that the image of a is 0, and so K°f(A) s K°(A*) as additive groups.
6. If R is not necessarily a principal ideal ring, the above argument still shows that the kernel of a contains f'¿, defined as /o = {(Ju~-3n)e/n: each J,is principal}.
We now make use of the decomposition matrices (d?) defined in §3.2. When P divides the order of G, the matrix (dfj) is not a square matrix, and so there exist rational integers qx,---,q" (not all zero) such that Z¡g;É^ = 0 for all j. Note that DP = {1} whenever P does not divide the order of G. 5. Next, from the relation a = nx we conclude that ker<7 => kerz. Combining this fact with the observation of §3.6, we have ker o-^fo ■ kerr.
We shall now prove that in fact (12) ker<7=,/S • kerr.
To begin with, since Fis a splitting field for G, we may write A* = A* ©••■ ®A* where each Af is a full matrix algebra over F. For each i, the A*-module Z* is then an irreducible Af-module. Let F# be the multiplicative group of the field F. By the discussion of §1.5, we have K\A*)^ Z ®/C1(A?)sF# x •■• x F* in factors). ¡ = i
We may thus define a map p : /CJ(A*) -*ßn by pia1,---,a") = iRaí,---,Ra"), a^F*.
= Z^f/^Oin/^A).
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Using this diagram, a routine argument shows that kercr=(kerr) (image of p). However, the image of p is precisely the group f0 defined in §3.6. This completes the proof of formula (12), and so we have determined the structure of KjiA) (and thus of K0(¿)) as additive group. as additive groups. We shall show that ker0o is a finite abelian group.
To begin with, we observe that K°(¿0) is finitely generated asZ-module. For let V*,.-.,V* be a full set of irreducible ¿*-modules. For each i, consider the set of ¿0-modules W which are P0-torsion-free and satisfy F0W= Vf. By the Jordan-Zassenhaus theorem, there are only a finite number of nonisomorphic ¿0-modules in this set, say Wn,---,Wit¡. But then it is easily seen that the elements {\W^feK%A0): l^j^U, l^i^s} are a set of generators of the Z-module K°(¿0). (They are surely not a Z-basis, however.)
It follows then that kerö0 is also finitely generated as Z-module, so we need only show that kerö0 is a torsion module. We begin by choosing a finite extension This completes the proof that ker0o is a finite abelian group. We shall not attempt to obtain an explicit computation for this group.
Remark. Since K1 is functorial the sequence ( 
